We demonstrate that the fermions in Reissner-Nordström-anti-de Sitter black hole background in the chiral limit m = 0, are related to an N = 4 extended one dimensional supersymmetry with non-trivial topological charges. We also show that the N = 4 extended supersymmetry is unbroken and we extend the two N = 2 one dimensional supersymmetries that the system also possess, to have a trivial central charge. The implications of the trivial central charge on the Witten index are also discussed.
Introduction and Motivation
Supersymmetric quantum mechanics [1] was originally introduced in order to have a simplified model of supersymmetry breaking in four dimensional quantum field theory. Thereafter, supersymmetric quantum mechanics (which we abbreviate to SUSY QM hereafter) has developed to be an independent research field, with many interesting applications in various research areas (for an important stream of reviews and articles consult [1] ). Hilbert spaces properties corresponding to SUSY QM systems and also applications to various quantum mechanical systems were presented in [2] and [3] [4] [5] [6] respectively. Some applications of SUSY QM to scattering phenomena appear in [7] and particular features of supersymmetry breaking were studied in [8] . Furthermore, higher N -extended one dimensional supersymmetries and their relation to harmonic superspaces were presented in [9, 10] . SUSY QM was firstly introduced to model supersymmetry breaking in quantum field theory in four dimensions [11] . Supersymmetry is an important theoretical tool in quantum field theory and string theory, with various implications, applications and predictions both phenomenological and theoretical [12] [13] [14] [15] [16] [17] [18] [19] [20] . Since up to date there is no experimental verification of supersymmetry, it must be broken in our four dimensional world (for some elegant ways to introduce supersymmetry breaking consult [12, 13] ). However, due to the fact that the representations of higher N-extended supersymmetry in four dimensions are difficult to find, simplified dimensionally reduced SUSY QM models can provide us with important insights on these problems.
In a previous paper [21] we demonstrated that the fermionic system in a ReissnerNordström-anti-de Sitter black hole gravitational background is related to two different N = 2, d = 1 supersymmetric quantum mechanical algebras with no central charges. In that paper we posed the question whether these two supersymmetries, which at first sight seem totally different, can be combined to form a more involved supersymmetric structure. In this paper we shall demonstrate that the answer lies in the affirmative and particularly that the enhanced supersymmetric structure is that of an N = 4, d = 1 supersymmetric algebra, with non-trivial topological charges. With topological charge we mean an operator equal to the anticommutator of Fermi charges (supercharges), following closely the terminology of references [15] [16] [17] . As we shall see, this N = 4, d = 1 supersymmetry is unbroken and we exclude the possibility of even partial supersymmetry breaking. In addition, in order to cover all possible non-trivial extensions of the existing supersymmetric structures, we present a central charge extended version of each N = 2, d = 1 supersymmetry and study the implications this central charge has on the Witten index of the N = 2 system. This paper is organized as follows: In section 1 we briefly present all the necessary theoretical framework concerning fermions in a Reissner-Nordström-anti-de Sitter black hole gravitational background and their connection to N = 2, d = 1 supersymmetry, following reference [21] . In section 2, we present in detail the enhanced underlying N = 4, d = 1 supersymmetric structure of the system and in addition we study a kind of duality that the algebra possesses. A small discussion on non-trivial topological charges follows in the end of section 2. In section 3, we present a central charge extension of each N = 2, d = 1 supersymmetry and the implications of the trivial central charge on the Witten index. The conclusions follow in the end of the paper.
1 N = 2 SUSY QM and Massless Dirac Fermion Quasinormal Modes in Reissner-Nordström-anti-de Sitter black hole spacetimes
In this section we shall briefly review how N = 2, d = 1 supersymmetry is related to a system of Dirac fermions in a Reissner-Nordström-anti-de Sitter black hole gravitational background. For a detailed account on this issue consult reference [21] . The supersymmetry we shall present shortly, is very closely related to the quasinormal modes [22] of the Dirac fermionic field in the Reissner-Nordström-anti-de Sitter black hole background [21] .
The Einstein-Maxwell action for the Dirac fermion field equals to [21] :
In the above action (1), G 4 is the 4-dimensional gravitational constant, R is the corresponding Ricci scalar, N is a total coefficient characterizing matter fields, and q is the coupling constant between the fermion field and the Abelian gauge field A a . In the 4-dimensional case, the zero curvature Reissner-Nordström-anti-de Sitter metric is,
where, f (r) is equal to:
with L the AdS radius, Q is the black hole charge, and r 0 is related to the black hole mass M . The dΩ 2 2,k is the metric of constant curvature, with k characterizing the curvature. The value k > 0 characterizes the metric of an 2-dimensional sphere, while the k = 0 describes R 2 . Finally, when k < 0 it describes H 2 . In the rest of this paper we shall be interested in the chiral limit m = 0 and for k = 0, that is, the flat case. This will result to an unbroken chiral symmetry for the system. The fermionic equations of motion are [21] :
and recall that there is another solution of the Dirac equation in this curved background, namely ψ − . The equations of motion corresponding to ψ − are equal to [21] :
Using these equations, namely (4) and (5), we can construct two N = 2, d = 1 supersymmetric algebras with the first N = 2 algebra founded on the matrix [21] :
It is obvious that the zero modes of the matrix (6) yield the solutions of equation (4). The supercharges and the Hamiltonian of the N = 2 algebra Q RN , Q † RN and H RN are equal to [21] :
The supercharges and the Hamiltonian (7) satisfy the following equations,
Hence, the algebraic structure of an N = 2 SUSY QM algebra, underlies this fermionic system that corresponds to equations (4) . By the same reasoning as previously, the second supersymmetric quantum algebra can be built on the matrix:
which corresponds to the second set of equations of motion (5). The supercharges and the Hamiltonian of the new algebra are equal to,
Following the same line of argument as in the previous, we easily find an N = 2 underlying supersymmetry. Denoting the algebra corresponding to (5) with N 2 and the one corresponding to (4) with N 1 , we have come to the result that the Dirac fermionic system in an Reissner-Nordström-anti-de Sitter background, possesses an supersymmetry N , which is the direct sum of two N = 2 supersymmetries, namely [21] :
In the next section we shall investigate if this supersymmetry N total results after the breaking of a larger supersymmetry, for example an N = 4 supersymmetry, or even the possibility that a central charge exists. In addition, this N total supersymmetry could be the a sign of an underlying higher symmetry.
N = 4 Extended d = 1 Supersymmetry with non-trivial Topological Charges
In this section we shall demonstrate that the two N = 2 supersymmetries described in the previous section combine to form a N = 4, d = 1 supersymmetric algebra with non-trivial topological charges. As topological charges we shall consider operators that are equal to the anticommutator of some supercharges, exactly as topological charges are considered in references [15] [16] [17] . The topological charges which we shall present do not commute with all the operators of the algebra, a feature quite often met in string theory contexts with supercharges. For example when a Wess-Zumino term is taken into account in a AdS 5 × S 5 D-brane background with superalgebra su(2, 2|4) [20] , with the latter being the super-isometry algebra of the AdS 5 × S 5 background. The system of fermions in the Reissner-Nordström-anti-de Sitter has the following two complex supercharges,
with the operators D RN and D RN ′ defined in relations (6) and (9). For convenience of notation we introduce the following two operators L 1 and L 2
In order to reveal the underlying N = 4, d = 1 supersymmetric structure of the fermionic quantum system, we compute the following commutation and anticommutation relations:
Let us describe in detail the new operators that appear in the above relation (14) . The operator H stands for:
In addition, the operators Z RN RN and Z RN ′ RN ′ are equal to:
with the operator Z 1 RN RN being equal to,
and additionally the operator Z 2 RN RN is equal to,
Moreover, the operator Z 1 RN ′ RN ′ is equal to:
and also Z 2 RN ′ RN ′ stands for:
Finally, the operator Z RN RN ′ is equal to:
with the operator Z 1 RN RN ′ standing for:
and in addition the operator Z 2 RN RN ′ is equal to:
The operators Z RN RN , Z RN RN ′ and Z RN ′ RN ′ , are equal to anticommutators of supercharges and consequently these are non-trivial topological charges [16] [17] [18] [19] but not central charges in any case. The commutation and anticommutation relations appearing in (14) describe an N = 4, d = 1 superalgebra with non-trivial topological charges Z RN RN , Z RN RN ′ an Z RN ′ RN ′ . Therefore, apart from the two different N = 2 SUSY QM algebras underlying the fermionic system in the Reissner-Nordström-anti-de Sitter curved background, there exists a richer supersymmetric algebra with non-trivial topological charges.
Before closing this section it worths discussing the issue of partial supersymmetry breaking in the context of N = 4, d = 1 supersymmetry. The N = 4, d = 1 supersymmetry is the simple case of one dimensional supersymmetry that makes sense to discuss about partial supersymmetry or spontaneous supersymmetry breaking [23] . Particularly, it is possible to have partial supersymmetry breaking when the algebra contains a central charge Z p and the following relations hold true [23] ,
with all the remaining commutators and anticommutators being zero. The operators Q 1 , Q 2 are the complex supercharges that constitute the N = 4 superalgebra and relation (24) describes the partial supersymmetry breaking from one N = 4 to two N = 2, d = 1 supersymmetries [23] . It is obvious that in our case the N = 4, d = 1 supersymmetry is intact for two reasons:
• The anticommutation relations {Q RN ′ , Q RN ′ † } and {Q RN , Q RN † } produce topological charges and not central charges of the algebra
• There exist other non-zero anticommutation relations that produce non-trivial topological charges and particularly the following 25) Therefore the N = 4 supersymmetry of the fermionic system under study is unbroken.
Invariance of the N = 4 Supersymmetric under a Global non-Trivial Transformation
The parameters ω, q describe the quasinormal mode frequency and the charge of the fermion [21] . Consider the following transformation,
The operator D RN is not invariant under the transformation (26), but transforms as follows:
Therefore, it worths seeing how the N = 4, d = 1 supersymmetric algebra of relation (14) transforms. By using the transformation (27), the anticommutators are transformed in the following way:
Consequently, the N = 4, d = 1 algebra of relation (14) remains invariant under the transformation (26). Note that the solutions of the fermionic equations of motion, namely ψ 1 , ψ 2 originate from spinors that can be written as [21] Ψ i = ψ i e −iωt+kxx with i = 1, 2. Therefore the transformation (26) corresponds to a CPT transformation of the initial fermionic system at hand.
A Brief Comment on Topological Charges and Supersymmetry
The topological charges often occur in supersymmetric algebras, as was first noticed in reference [16] , in which reference the topological charge terminology was first used. In addition, in reference [17] it was noticed that the topological charges cannot be considered as central charges, since these operators do not actually commute with all the operators and supercharges that constitute the superalgebra. Furthermore, as was also noted in [17] , the topological charges are actually symmetries of the quantum field theory but not symmetries (Noether symmetries) of the S-matrix of the theory. The supersymmetries with topological charges we found in this article seem to fall in that category, that is, these are symmetries of the quantum theory and not of the S-matrix. These topological charges we found, presumably indicate some additional external symmetry of the quantum field theory that describes the fermionic modes in the curved Reissner-Nordström-anti-de Sitter background. We have to note that the theoretical framework used in [16] was actually a supersymmetric algebra in the presence of topological defect. As was evinced [16] , the presence of topological charges in such frameworks are unavoidable, however in our case the existence of topological charges in our case is probably due to the specific curved black hole background. Moreover, as was pointed out in reference [19] , finding a non "central" charge that does not commute with the rest operators of the superalgebra, indicates the existence of a richer, possibly non-linear, supersymmetric underlying structure. It would be interesting enough to find whether such a structure exists in the case of our fermionic system in curved Reissner-Nordström-anti-de Sitter and other curved backgrounds, but we defer this rather involved issue to a future work. Let us note finally that non-commuting topological charges are not a strange feature in supersymmetric theories, since these often occur in string theory contexts. For example, as we already mentioned, in a AdS 5 × S 5 D-brane background with superalgebra su(2, 2|4) [20] there exist many topological charges with this feature, that is, having non-trivial commutation relations with the elements of the superalgebra.
Localized Fermions and SUSY QM-Trivial Central Charge Case
In this section we shall present a way of generalizing each N = 2, d = 1 algebra of the fermionic system to have a trivial real central charge. Following [15] , we consider the central charge to be an operator equal to the anticommutator of two Fermi charges and in addition that it commutes with every element of the superalgebra. Let us focus on one of the two N = 2, d = 1 superalgebras, namely the one described by the complex supercharge Q RN . The algebra of relation (8) can be easily extended to include a real central charge, denoted by Z, in the following way:
with "η" being an arbitrary 2 × 2 real matrix. The Hamiltonian of the supersymmetric quantum mechanical system in this case reads,
The real central charge Z of the centrally extended N = 2, d = 1 SUSY QM algebra is equal to the following operator,
Consequently, the new form of the extended N = 2 SUSY QM with trivial central charge algebra is described by the following commutation-anticommutation relations:
One question that springs to mind is how this central charge modifies the properties of the supersymmetric quantum mechanical system. Considering Hilbert space states, the new supercharges no longer map the parity-even to parity-odd states, when non-zero modes of the system are taken into account. More importantly, when the matrix 2η 2 is an odd compact matrix, the index of the operator D RN is invariant under the compact perturbations generated by the matrix 2η 2 . In order to see this we shall use a theorem for trace-class operators. Let C an odd compact symmetric matrix [24] of the form:
Consider that the operator D is a trace-class operator and also an operator D p which is equal to D p = D + C. Then D p is a compact perturbation of the operator D and since the operator trWe −t(D+C) 2 is trace class (owing to the fact that compact perturbations of trace-class operators are also trace-class operators), the following theorem holds true (see [24] page 168, Theorem 5.28),
with C the symmetric odd operator of the form (33). Coming back to our case, when the matrix η 2 is compact and odd, theorem (34) holds true and therefore, the following relations hold true:
with ∆ the Witten index of the N = 2 supersymmetric system without central charge. An immediate consequence of relation (35) is that the Witten index ∆ of the non-central charge supersymmetric quantum mechanical system (8) is invariant under the perturbations caused by the central charge extension of the system. This result is valid when real central charges are taken into account. Before closing, let us see how the constraints "compact" and "odd" modify the matrix 2η 2 . Compact means that the matrix η must contain elements which are finite numbers or fast decaying functions and odd means that η 2 must have the following form:
In order this to be true, the matrix η must be of the form:
with b some positive integer.
Concluding Remarks
In this paper we demonstrated that the fermions in a Reissner-Nordström-anti-de Sitter black hole background apart from two N = 2, d = 1 supersymmetries, also possess an N = 4, d = 1 supersymmetry with non-trivial topological charges. Although the initial fermionic system had no inherent global supersymmetry, the field theory has a rich nontrivial supersymmetric underlying structure, that can get even more involved when the number of fermion flavors increases. This behavior has been pointed out previously in the literature, see for example [25] . It seems that actually global supersymmetry plays no obvious role in the issues we studied in this article and the supersymmetry we found is an underlying symmetry of the field theory, a symmetry that is not a symmetry of the S-matrix of the theory. More generally, spacetime supersymmetry in d > 1 dimensions and SUSY QM, which is an one dimensional supersymmetry algebra, are in principle different concepts, with the only possible connection being the fact that extended (with N = 4, 6...) SUSY QM models can be obtained by N = 2 and N = 1 Super-Yang Mills models, by dimensionally reducing them down to one dimension [9] . However, the complex supercharges of N = 2, d = 1 and also of N = 4, d = 1 SUSY QM are not related to the generators of spacetime supersymmetry and thereby, SUSY QM does not directly relate fermions and bosons, with fermions and bosons considered as representations of the super-Poincare graded Lie algebra in four dimensions. What the SUSY QM supercharges actually do is that they render the Hilbert space of quantum states a Z 2 -graded vector space, in the simplest case of N = 2 SUSY QM. Moreover, these supercharges generate the transformations between the Witten parity eigenstates. As was already noted in the present paper, the N = 4 one dimensional supersymmetry is not a spacetime symmetry nor a symmetry of the S-matrix, but a symmetry of the field theory in terms of the equations of motion. A symmetry that reveals a possible even more involved symmetry yet to be found, due to the existence of non-trivial topological charges that do not commute with the rest of the operators of the SUSY QM algebra.
